Nested entangled states for distributed quantum channels 
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We find a coupling-strength configuration for a linear chain of A*' spins which gives rise to simultaneous 
multiple Bell states. We suggest a way such an interesting entanglement pattern can be used in order to distribute 
maximally entangled channels to remote locations and generate multipartite entanglement with a minimum- 
control approach. Our proposal thus provides a way to achieve the core resources in distributed information 
processing. The schemes we describe can be efficiently tested in chains of coupled cavities interacting with 
three-level atoms. 
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PACS numbers: 03.67.-a, 75.10.Pq, 05.50.+q 

Two important topics can be placed at the forefront of cur- 
rent research on reliable devices for quantum information pro- 
cessing (QIP): the establishment of "on demand" quantum 
channels among spatially distributed processors of any na- 
ture and the design of schemes that do not require the ac- 
curate addressing of the elements of a multipartite system. 
The first goal would allow the grounding of distributed QIP 
as an experimentally viable architecture for the manipulation 
of quantum information. Indeed, it is well-known that entan- 
gled channels between remote nodes of a device, together with 
the exchange of classical information, are pivotal resources in 
distributed QIP [1 ] . Their realization has stimulated consid- 
erable experimental endeavors in many physical setups, from 
all-optical based to light-matter ones fz\. The second goal 
will constitute a major practical step forward in the process 
of narrowing the gap between experimental capabilities and 
theoretical requirements and is thus a crucial task to pursue. 
Very recently, it has been realized that effective control, com- 
munication and transfer of quantum information is achievable 
by means of engineered interactions that globally address a 
multi-spin system |3, 4]. This has effectively paved the way 
to the use of multiple-spin couplings, requiring just a limited 
amount of external interventions, for the use of built-in col- 
lectively coupled systems. The factual combination of both 
these tasks would represent a key result not only for QIP but 
also, for instance, for the experimental simulation of quantum 
many-body dynamics: the design of less-demanding ways to 
create strong quantum correlations between spatially sepa- 
rated system will open up the field to the practical realization 
of quantum simulators. 

In this paper, we perform an important step in the design of 
resource-limited architectures of entangled channels and show 
that a quantum spin-chain can be exploited in order to create 
and distribute multiple copies of maximally entangled states 
to remote locations of a delocalized system. This is possible 
by cleverly modifying the coupling configuration known to 
allow perfect state transfer in a linear spin-chain [4], a result 
achieved with the use of the recently introduced information- 
flux approach to multi-spin dynamics f?]. Differently from 
the usual approach, this powerful tool lets us gather complete 
insight into the dynamics under such a modified coupling- 
pattern without relying on explicit analysis of the chain's spec- 



trum. We reveal the generation, under minimal control condi- 
tions, of an unexpected nested structure of multiple Bell pairs 
and design simple schemes for their iterative extraction and 
the creation of multipartite entanglement of the Greenberger- 
Horne-Zeilinger (GHZ) form |6]. It is very important to stress 
that our scheme does not requke any pre-built entangled re- 
source. Entanglement (nested as well as multipartite) is gen- 
erated in the chain solely as a result of spin-nonpreserving 
dynamics. The Hamiltonian model we need for our purposes 
can be simulated by the adiabatic interaction between cou- 
pled optical cavities, each embedding a three-level atom in a A 
configuration. This requires the introduction of spurious local 
magnetic fields whose effect is addressed for experimentally 
realistic parameters and shown to be only mildly affecting the 
effectiveness of our schemes. 

We consider N spins- 1/2 particles in an open-chain con- 
figuration. Each spin is coupled to its nearest neighbors by 
the anisotropic and inhomogeneous XY Hamiltonian H = 
Y.ii^i^iJx,iXiXi+i + JY,iYiYi+i). Here, &i (with a = 
X, Y, Z) is the operator applying the cr-Pauli operator to spin 
i and the identity to any other element of the chain. J^ i 
is a pairwise coupling strength. For the sake of definite- 
ness, we consider N to be an odd number. It is well known 
that perfect quantum state transfer in a linear chain is pos- 
sible for weighted coupling strengths following the pattern 
Ja.i ~ X\Ji{N — i). After a time t* ~ tt/A, the state of 
the first qubit is perfectly transferred to the last one Our 
protocol for the simultaneous generation of multiple pairs of 
Bell states without local control makes use of such a pattern 
in a novel way and exploits a useful technique for the anal- 
ysis of spin-chain dynamics. In Ref. jjsl we introduce and 
analyze the concept of information flux in multiple-spin sys- 
tems as the influences that the dynamics of a chosen spin re- 
ceives from all the other elements of a register. Here, it is 
sufficient to state that the information flux between the X (Y) 
operators of the first and last qubits in a chain engineered de- 
pends on an alternate set of coupling strengths. For instance, 
the information flux from Xi io Xm depends only on the 
set {Jy,1tJx,2t-tJy,n-i] and is independent of any other 
coupling rate in the chain. This result is key to our investi- 
gation on how to generate a product of Bell states. Indeed, 
we observe that by suitably engineering the coupling pattern 
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we can suppress the information flux between Y operators 
while keeping the flux between X operators unchanged (or 
vice versa). A simple way to obtain this is by setting J^ i = 
with (J = X (Y) for odd (even) i. If the remaining couplings 
follow the given pattern with a — Y (X) for odd (even) i it is 
straightforward to see that a unit information flux from Xi to 
Xjv is achieved after an interaction time t*. 

In problems of multiple-spin dynamics, the analysis of the 
evolution of two-site correlation functions is often useful in 
order to understand the way (quantum as well as classical) 
correlations are arranged within a register. The information- 
flux approach that we explicitly use in this paper, being es- 
sentially performed in the Heisenberg picture, makes such an 
investigation particularly meaningful. We concentrate on the 
evolution of two-site operators which are symmetric with re- 
spect to the center of the chain, i.e. XiXpf^i^i and lilAr-i+i 
(with i = 1, .., {N - l)/2). In what follows, 0(i) stands for 
the time-evolved operator O in Heisenberg picture. After time 
t* for optimal state transfer, we have 

Y,{t*)YN-,+iit*) = (-l)(^-2.+i)/2^^_^..^^_^^^ 

with 2i — 1 = n (mod 2) and 2i = ffi (mod 2). We now rea- 
son along the lines of an information-flux approach: Eqs. ([T]i 
show that, by preparing the initial state of the chain |^(0)) in 
an eigenstate of the tensorial product of Zi operators, there is 
a flux of information towards symmetric two-site spin opera- 
tors. In particular, if |5'(0)) is a separable state, the form of 
Eqs. O gives that (^'(0)|a,(r (r )|*(0)) = ±1. By 
assuming |*(0)) = \00..0)^^ with |0)^ (|1).) the ground 
(excited) state of spin i and going back to the Schrodinger 
picture, we realize that the only states satisfying the above 
conditions must have the structure 

with Eq. dlili [Eq. ^] vaHd for c = 1 (mod 2) [c = 
(mod 2)] and c — {N + l)/2 labelling the central site of 
the chain. We have cafled M = {N - 3)/4 and 1*"^)^, = 
(1/a/2)(|01)p^ ± |10)p^) are Bell states of spins p and q. We 
thus end up with a nested product of alternate Bell pairs, the 
central spin being separable from the rest of the chain. We 
name such a peculiar configuration of entangled pairs at time 
t* a matryoshka state of the chain (matryoshka is Russian for 
"nesting doll"). An illustrative sketch of a matryoshka state of 
N = 7 spins is presented in Fig.[T](a). In general, matryoshka 
states (involving other Bell pairs) can be obtained every time 
the system is prepared in a separable state, with the spins in an 
eigenstate of Zi. This is a direct consequence of the particular 
form of the two-site operators. 

As we have already stated, the scenario where our investiga- 
tion of matryoshka states is placed is distributed QIP. We have 
explicitly in mind architectures for processing devices which 




FIG. 1: (a): Pattern of multiple Bell states in a nested configuration 
(a matryoshka state) for a chain of A'^ = 7 spins. This structure is 
characteristic of the pattern of coupling rates that we propose. The 
scheme for the distribution of Bell states is also shown. The state 
of the boundary spins of the chain prepared in a matryoshka state is 
swapped with the state of a pair of systems belonging to two mem- 
ory banks, (b): Scheme for the generation of matryoshka states: A 
chain of coupled cavities with embedded three-level A atomic sys- 
tems. The inset shows the coupling scheme for effective spin-spin 
Hamiltonian. 



include remote nodes interconnected by channels of various 
nature. A mechanism able to distribute Bell pairs to two nodes 
of a processor is a necessary resource for the implementation 
of distributed QIP protocols Jit]. Here we show that the intro- 
duced matryoshka states play a useful role in such entangle- 
ment distribution process. Let us consider the chain studied 
so far as a bridging structure between two spatially separated 
processing nodes which we want to entangle. After having 
prepared an off-line matryoshka state of the bridging chain, 
we can connect the two boundary spins (i.e. spins 1 and N) 
to two memory spins, labelled mi and tojv, each at one of 
the nodes. For definiteness, let us assume the memory spins 
to be prepared in |00)^^ The performance of swap gates 
within the {l,mi} and {iV, mjv} pairs of spins realizes the 
transformation [we concentrate on the case of c = (mod 2), 
the other being essentially analogous] |00)„j „j 

|010>i^, jv^fii l*">2.+i,jv-2»®f£i l*+)2^,jv-2z+i While the 
memory qubits are now in \'^~)„-^^ ,„jy. However, it is often 
the case that a single entangled pair is not sufficient to the per- 
formance of a prefixed processing step |7]. Alternatively, one 
can have situations where many entangled nodes have to be 
created, each node of a pair belonging to a different remote 
processor We thus address the extraction of successive Bell 
states from the reservoir represented by a matryoshka state. 
A trivial solution would be to reset the system to its initial 
state l^'(O)) = |00..0)j^2 n (°'^' general, to any separable 
state with the i-th spin in an eigenstate of Zi , Vz) and iterate 
the process. However, such a resetting step is unnecessary: 
After the first initialization of the bridging chain, all we need 
is only to operate on the boundary spins, following the mini- 
mal control conditions. In fact, if we do not reset the bridging 
chain after the swap gate and let it evolve again for a time 
t* under the same Hamiltonian H used for the generation of 
the matryoshka state, it is not difficult to see (either though an 
information-flux approach or by direct evolution of the state 
of the chain) that a Bell state of spins 1 and N is created. 
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while the remaining part of the chain is in a separable state (in 
general different from |00..0)2 jy-i having each spin in 
an eigenstate of Z anyway). By means of a second swap gate 
between 1 and N and two fresh memory spins (prepared in 
1 00)), we end up with the bridging chain in a fully separable 
state, eigenstate of the tensorial product of Z,;'s. As we know, 
this state will evolve again in a matryoshka state. Clearly, by 
performing a sequence of swap gates with a time-interspacing 
equal to t*, we can extract a Bell state at each round while 
the non-boundary (i.e. internal) spins of the chain will end 
up in a matryoshka or a separable state, in an alternate fash- 
ion. We have therefore realized a conveyor belt for Bell states. 
A sketch of the extraction scheme is provided in Fig. [T] (a). 
Obviously, the "storage" of the extracted entanglement is an 
issue depending of the nature of the nodes constituting the dis- 
tributed device linked by our chain. In fact, as an embodiment 
of the memory bank shown in Fig. [T] (a), one can use long- 
lived qubits encoded, for instance, in the hyperfine spectrum 
of alkali-metal atoms or the nuclear spin of a nitrogen- vacancy 
defect in diamond. In this case, the storing qubit can be em- 
bedded in the end qubits of the chain (the electron spin being 
usable for the dynamics described in the paper). However, 
this is not the only possibility as the memory bank can also 
be embodied by a bosonic system (such as a cavity field, as in 
the setup that will be described later on). It is known that en- 
tanglement can be perfectly transferred from a two-qubit Bell 
state to two bosons prepared in coherent states and accumu- 
lation of more than a single ebit is possible (so that multiple 
extracted Bell pairs can be safely stored) f^. Noticeably, the 
rate of entangled-pair extraction is bound by the assumptions 
of addressability at the end-spin of the chain. If we allow for 
local addressability of the qubits along the chain, it is clear 
that the generated entangled pairs are all available simultane- 
ously, bringing the fan-out of our scheme to (A^ — l)/2 pairs. 

The variety of possible apphcations offered by the pattern 
of coupling strengths addressed here is enriched by the pos- 
sibility of generating a multipartite GHZ state. Indeed, let 
us slightly change the situation studied so far by considering 
the evolution of the bridging chain initially being prepared 
in |$(0)) — |ll..l)j^2 N- exploiting arguments entirely 
analogous to what has been done earlier in this work, we find 
the matryoshka state [here, we concentrate again on the case 
of c - (mod 2)] \^^') = |0), (g>fio \^-)2^+l,N-2^ ®ti 
1^^)21 Ar-2j+i- The only difference between and 
in Eq. dZbl i is the state of the central spin. The dynamics of 
the process guarantee that, if we let (|/i)) evolve again 
for a time interval t*, we get |ll..l)j^2 n (|00..0)-^2 n^- 
a consequence, by preparing the (unnormalized) initial state 



l/i ), which accounts in preparing a matryoshka state 



and then locally acting on the central spin with a Hadamard 
gate (putting it into the superposition 10)^ + 1 1)^)' ^ftei" ^ time 
t* the system evolves into the GHZ state (l/\/2)(|00..0) + 
|ll..l))i2..Ar. Such a resource is well known to be useful for 
multiagent protocols of distributed QIP such as quantum se- 
cret sharing, remote implementation of unknown operations 



and quantum average estimation A remark is due: our 
protocol lies entirely within the limited control framework 
where only a partial addressing of the chain is required. In 
this specific example, we only need to apply a single-qubit 
transformation at site c before and after the global evolution 
ruled by Ti. 

Very recently, arrays of coupled cavities interacting with 
atomic media have been shown to hold great promises as flex- 
ible Hamiltonian simulators [Till . Here we exploit such 
a potential in order to obtain our model Ti. We take advan- 



tage of the analysis conducted by Hartmann et al. in 111 111 , 
where an anisotropic XY coupling has been obtained as an 
effective adiabatic Hamiltonian for a linear chain of optical 
cavities, mutually coupled via photon-hopping terms, each in- 
teracting with a three-level atom in a A configuration. The 
two ground states of each atom embody the computational 
space of each spin. The dipole-forbidden atomic transition be- 
tween these states is realized as an adiabatic Raman transition 
through the excited state |e)^ {i ~ 1, .., A^). The cavity field 
drives off-resonantly the dipole-allowed channel |j) ■ ^ |e)j 
with Rabi frequency Qj (j = 0,1). A sketch of the physical 
setup and the coupling configuration within each atom-cavity 
system is given in Fig.[T](b). Two additional lasers are cou- 
pled to the atomic transitions with strength Vlj and detuning 
A j . The coupling between two nearest-neighbor cavities is 
described by a tunnelinglike term with strength Jc ifiol [TUl . 
By assuming large detunings, both the excited level of each 
atom and the corresponding cavity field's degrees of freedom 
can be adiabatically eliminated so as to give an effective spin- 
spin Hamiltonian. The interaction between two effective spins 
is mediated via the excitation of virtual cavity photons which 
are coupled by the tunneling term. 

The necessary anisotropy of the effective model is easily 
gathered by making the Rabi frequencies site dependent (i.e., 
r^o,! and ill i are the Rabi frequency of the first and second 
lasers acting on the i\h atom-cavity system). For the sake of 
simplicity, we consider lasers having the same frequencies ujq 
and LOi . Moreover, any other physical parameter in the model 
is taken as homogenenous along the cavity-chain. By consid- 
ering the possibility to differentiate all these parameters for 
each cavity, we have more degrees of freedom to fit the effec- 
tive Hamiltonian to the required one. In what follows, in order 
to fix the ideas, we quantitatively address the case of A^ = 3. 
In this specific case, the conditions to impose to the coupling 
strengths in order to create a matryoshka state can be reduced 
to Jy,i — Jx,2 7^ and Jx,i ~ Jy,2 ~ 0. Each of these 
are expressed as adiabatic coupling strength, generalizing the 
expressions given in Ref. Ill ill . They are functions of the Rabi 
frequencies and relevant detunings appearing in the physical 
atom-cavity Hamiltonian model with photon hopping. 

By means of a numerical analysis, we have obtained a suit- 
able set of values fl?] giving spin-spin coupling strengths 
Jy.i = Jx,2 = 0.27GHz and Jx,i = Jy,2 = O(10-i)MHz. 
This would allow us to write the Hamiltonian model between 
the effective spins along the chain H — Y^^=i {Jx,iXiXi+i + 
Jy.iYiYi+i) ■ However, the a.c. Stark shifts experienced 
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FIG. 2: Fidelity F between the ideal three-spin matryoshka state 
and the state obtained with an Hamiltonian including additional lo- 
cal magnetic fields, against B\/Jy,i and B2I Jy,\ for B^j Jy,\ ~ 
0, 0.05 and 0.1 [(a), (b) and (c) respectively]. 



by the ground states of each atom as a result of the disper- 
sive drivings give rise to additional magnetic-field-like terms 
J^Li^tZ^ with Bi = 7.8MHz, B2 = 19.6MHz, and 
B3 — 12.6MHz. The nonzero (although small) value of these 
spurious local terms forces us to study the effects of additional 
magnetic fields in our model for matryoshka states generation. 
In Fig.|2]we have studied the fidelity F = \{n\fj,^^^)\ against 
Bi/Jy.i, B2/JY.1 and for 3 different values of B^/Jy.i- 
Here, l/x^^-') is the state that is obtained from the evolution 
of the initial state 1 000)^^23' for ^ '^^^ under the Hamilto- 
nian n + BiZi while = |0)2 |*")i,3 is the ideal 
three-site matryoshka state. Evidently, for values of Bi/Jy^i 
(i — 1,2,3) below 10%, which is the case in our numeri- 
cal simulation, F is always greater than 0.99. Therefore our 
model works properly also in the presence of small magnetic 
fields il3ll . We have evaluated the fidelity with the values 
obtained from our simulation, getting F ~ 0.998, which 
shows a striking resilience of our scheme to spurious local 
fields. On the other hand, it is worth stressing that the values 
we obtained for Jy 1 and Jx,2 are well within the coherence 
time of the coupled cavity-atom system we consider Indeed, 
the off-resonant nature of the couplings reduces the rate of 
both photon-loss and spontaneous emission from the excited 
atomic state \e)-. Indeed, photonic-crystal microcavities with 
embedded impurities are suitable canditates for implementa- 
tion of our porposal as they are characterized by large cavity 
quality factors and small rates of spontaneous emission ll4ll . 

We have introduced the matryoshka states, an entanglement 
structure in a linear chain of coupled spins resulting from a 
simple aiTangement of the coupling pattern for perfect quan- 
tum state transfer The multi-Bell nature of matryoshka states 
makes them suitable for the distribution of entangled channels 
in a delocalized quantum processor, which is one of the cen- 
tral requirements for reliable non-local QIP. Our protocol, ly- 
ing entirely within a minimum control scenario, is so flexible 
that with just a single local operation, multipartite GHZ entan- 
glement can be obtained. The interaction model we consid- 
ered can be simulated in coupled-cavity chains with embed- 
ded three-level atoms, which can be used for testing at least 
the scheme for the generation of matryoshka states. How- 
ever, the versatile nature of our proposal makes it appealing 
within the broad context of control-limited interacting many- 
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